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1. INTRODUCTION 
Let C = L’(q), q =ph p prime, be the family of all afline planes of order q. 
C is not empty, as it contains the alline plane AG(2, q) over the Galois 
field GF(q). Let 0 be any plane belonging to 2. We can identify the points 
of e with those of AG(2, q), and regard the lines of o as point-sets in 
AG(2, q). Moreover, if o is a translation plane, we may also assume that 
the translation groups of AG(2, q) and cr coincide and consist of all the 
maps with equations x’ = x + a, y’ = y + b, where a, b E GF(q). 
In this paper we shall be concerned with questions of the following kind: 
Suppose there are given an irreducible conic K in AG(2, q), an affine plane 
o belonging to .E, and the information that K is an inherited arc of 0, i.e., K is 
still an arc of o which can be completed in a (q + I)-arc in the projective 
closure 6 of o. How does the type (hyperbola, parabola, ellipse) of K 
inj7uence the structure of a, in particular, under what conditions on K and a 
can we conclude that a is isomorphic to AG(2, q)? 
Examples of inherited arcs are known in various planes: in the 
associative Andre plane of odd order [7], in a nonassociative Moulton 
plane of order q =ph, h = 2g, pg E 1 (mod 4) [S], in the Hughes plane [6] 
when K is a hyperbola; in the associative Moulton plane of odd order [l] 
when K is a parabola; in a nonassociative Moulton plane of order q =ph, 
h = 2g, pg = 3 (mod 4) [5] when K is an ellipse. It seems be plausible that 
many other planes have inherited arcs. However, there are planes which 
cannot contain inherited arcs for each of the three types. In fact, we shall 
prove the following 
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THEOREM 1. Let K be a parabola in AG(2, q) where q is odd. Zf K is still 
an arc in a translation plane o belonging to C, then o coincides with 
AWL 4). 
Theorem 1 cannot be extended to the case where q is even: 
THEOREM 2. There is a parabola in AG(2, 2*“‘) which is still an arc in the 
Hall plane X(2*“‘) of the same order. 
We shall also prove 
THEOREM 3. Let K be an irreducible conic in AG(2, q) which is still an 
arc in a plane o belonging to C. Zf any chord and any tangent of K is also a 
line of a, then a coincides with AG(2, q). 
2. PROOF OF THEOREM 1 
First, we prove the following 
LEMMA. For any line 1 of a there is a line 4 of AG(2, q) such that 
Iln4[>3. 
Take two distinct points P, Q lying on 1. Through these points there is 
also a line 4 of AG(2, q). The translation r of AG(2, q) mapping P into Q 
leaves 4 invariant. 7 is also a translation of a. Thus 7 leaves 1 invariant. 
Therefore, both of the lines 1 and 4 contain QT. Since by assumption p # 2, 
Q* #P holds. Hence, P, Q, QT are three distinct common points of 1 and 4. 
This proves the lemma. 
For any m, dEGF(q), we shall denote by Q(m, d) the parabola of 
AG(2, q) whose equation is y = x2 + mx + d. Without loss of generality, we 
may assume that K is one of such parabolas. 
Consider the points of AG(2, q) together with the vertical lines x = c, 
CE GF(q), and the parabolas Q(m, d), m, dEGF(q). This incidence struc- 
ture is an affine plane a belonging to Z. 
The map 
@ : x’ = x, 
:y’=xZ+y, 
fixes the vertical lines and maps the line y = mx + d into Q(m, d). Hence @ 
gives rise to an automorphism c1 N AG(2, q). 
Any non-vertical line of AG(2, q) represent in a a parabola whose 
improper point is that of the vertical lines. In fact, the pre-image of the line 
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y=gx+k g, kEGF(q), under @ is the parabola with equation 
y= -xZ+gx+k. 
Now let us consider the class S of parallel lines of c whose improper 
point P” is such that Ku {P” } is an arc in Cc. Then any line of S meets K 
in exactly one point. Let I be any line of S. We prove that I coincides with a 
vertical line of AG(2, q). By way of contradiction, we assume that 1 con- 
tains two points A, B not lying on the same vertical line of AG(2, q). There 
is a parabola Q(m, d) which passes through A and B. Let T be the trans- 
lation of AG(2, q) mapping Q(m, d) into K, T is again a translation of 0. 
Thus 1’ = I’ is still a line of cr. Clearly, I’ meets K in two points: A’ and B’. 
Since I’ belongs to S, this is not possible. 
We prove that any non-vertical line 1 of represent in M a parabola whose 
improper point is that of the vertical lines. First, we prove that I is an arc 
in a by showing that I meets any Q(m, d) in at most two points. By 
assumption this is true for that Q(m, d) which coincides with K. Let Q(m’, 
d’) # Q(m, d). Let T be the translation of AG(2, q) mapping Q(m’, d’) into 
Q(m, d), T is again a translation of rr. Thus I’= 1’ is still a line of 0. Since 
1 In Q(m’, d’) I= 1 I’ n &?(m, d) 1, the assertion is proved. 
In the projective closure Cr of CI, 1 can be completed in a (q + 1)-arc f by 
adjoining the improper point of the vertical lines. By Segre’s theorem [9] 
(see also [4: 8.2.4]), f is an irreducible conic of Cc. This proves our asser- 
tion. 
We are able to prove Theorem 1. We have to prove that any non-vertical 
line of (T coincides with a line of AG(2, q). Let I be any non-vertical line of 
(T. By the lemma there is a line z of AG(2, q) such that 1 In a I > 3. The same 
lines represent in CI two parabolas with the same improper point. Hence 
they coincide. 
3. PROOF OF THEOREM 2 
For any s E GF(2*“) - GF(2”), let us consider the parabola C(s) whose 
equation is y = x2 + sx. We take the Hall plane %(2*“) as the derived 
plane from AG(2, q) with respect to the derived set formed by all the 
improper points (0, 1, 0), (1, n, 0) n EGF(~~) (see [3, p. 223-2261). 
In order to prove that C(s) is again an arc in %‘(22”), we have to verify 
that there is no triangle inscribed in C(s) such that the improper point of 
each side belongs to the derived set. 
Take three distinct points A,= (xi, xf +sxi) (i= 1, 2, 3) lying on C(s). 
Since the slope of the line AiAi (1 d i<j< 3) is equal to xj+xj+ s, the 
improper point of A,A, belongs to the derived set if and only if 
xi+Xj+sEGF(2”). AS (x,+x~+s)+(x,+x~+s)+(x,+x~+s)=s and 
by assumption s $ GF(2”), the assertion follows. 
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4. PROOF OF THEOREM 3. 
We have to prove that if a line 1 of 0 is disjoint from K, then 1 coincides 
with a line 4 of AG(2, q). Let PG(2, q) denote the projective closure of 
AG(2, q). Let I? be the conic of PG(2, q) which coincides with K in 
AGC%q). 
Let us consider the class 17 of parallel lines of CJ which includes I. By 
assumption, those lines of D which meet K are again lines of AG(2, q). 
Clearly, such lines of AG(2, q) belong to a class A of parallel lines. The 
improper point P” of the lines of A does not lie on any line of AG(2, q) 
which meets K as well as 1. Therefore, any chord and any tangent of i? 
meets f= lu {P”} in exactly one point. By [S] (see also [Z] for q even) f 
coincides with an external line to R of AG(2, q). Therefore, there is a line z 
of AG(2, q) which coincides with 1. 
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